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Localization of Vector Field on Pure Geometrical Thick Brane
Tao-Tao Sui ∗, Li Zhao†
Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, China
In this paper, we investigate the localization of a five-dimensional vector field on a pure geometrical
thick brane. In previous work, it was shown that a free massless vector field cannot be localized on
such thick brane. Hence we introduce the interaction between the vector field and the background
scalar field. Two types of couplings are constructed as examples. We get a typical volcano potential
for the first type of coupling and a finite square-well-like potential for the second one. Both of the
two types of couplings ensure that the vector zero mode can be localized on the pure geometrical
thick brane under some conditions.
PACS numbers: 04.50.-h, 11.27.+d
In the last two decades, the theory of higher-
dimensional spacetime has provided a new insight for
solving some relevant physics problems (e.g., the gauge
hierarchy problem, dark matter, and the cosmological
constant problem) [1–6]. The most famous model is the
Randall-Sundrum (RS) brane scenario [2]. However, in
the original RS model, the brane is very ideal because
its thickness is neglected. In later work, by consider-
ing the minimum length scale of a brane, more natural
thick branes generated by one or more background scalar
fields have been investigated [7–12]. In the brane world
scenario, it is assumed that gravity is free to propagate
in the bulk and the zero modes of all matter fields (elec-
tromagnetic, Yang-Mills, fermions etc.) are confined to
the 3-brane for the purpose of matching with the present
gravitational and particle experiments. The assumption
leads to an important question that how to realize the
localization of various bulk fields on a brane. It is well
known that a free massless scalar field can be localized
on the Randall-Sundrum (RS) brane or its generalized
branes [13–18]. For a fermion field, without introduc-
ing the scalar-fermion coupling [19–27] or fermion-gravity
coupling [28], it does not have normalizable zero modes
in five-dimensional RS-like brane models. While for the
vector field, when only considering the coupling between
the vector field and the backgroundmetric, the zero mode
of the vector field can be localized on the de Sitter brane
[29], AdS brane [30], Bloch Brane [31], and some pure
geometrical Weyl branes [12, 32–34], but in some other
pure geometrical Weyl brane cases [14, 23, 35], the zero
mode of the vector field is non-normalized and thus can-
not be localized on the Weyl branes. In order to get
the localized vector zero mode on this pure geometrical
branes [14, 23, 35], we need a new localization mecha-
nism by introducing the interaction between the vector
field and Weyl scalar.
We start with a five-dimensional pure geometrical
Weyl brane which is based on the following action
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[14, 23, 35]
SW5 =
∫
MW
5
d5x
√−g
16piG5
e
3
2
ω
[
R+ 3ξ˜(∇ω)2 + 6U(ω)
]
, (1)
where M W5 is a five-dimensional Weyl-integrable space-
time which is specified by the pair (gMN , ω) with a five-
dimensional metric gMN and a Weyl scalar ω. The pa-
rameter ξ˜ is a coupling constant, and U(ω) is a self-
interaction potential of ω. In the Weyl frame, the affine
connections ΓPMN are defined as
ΓPMN = { PMN} −
1
2
(∇MωδPN +∇NωδPM − gMN∇Pω)
with { PMN} the Christoffel symbols. The Weyl rescaling
gMN → Ω2gMN , (2)
ω → ω + lnΩ2, (3)
ξ˜ → ξ˜
(1 + ∂ω lnΩ2)2
, (4)
will break the invariance of the action (1), where Ω2 is
a smooth function of ω on MW5 . In order to keep the
invariance of the Weyl action, we set
U(ω) = λeω (5)
with λ a constant parameter.
In this paper, we consider the five-dimensional flat
brane solution in the pure geometrical Weyl gravity (1).
The metric that respects four-dimensional Poincare´ in-
variance is
ds25 = e
2A(y)ηµνdx
µdxν + dy2, (6)
where e2A(y) is the warp factor, and y stands for the extra
coordinate.
By making the conformal transformation gˆMN =
eωgMN , the Weyl affine connection becomes the Christof-
fel symbol, and the Weyl Ricci tensor turns into the Rie-
mannian Ricci tensor [23]. Thus the Weyl frame (1)
can be mapped into a Riemannian form, where five-
dimensional gravity is coupled to a scalar field with a
2self-interaction potential Uˆ(ω) = e−ωU(ω):
SR5 =
∫
MR
5
d5x
√−gˆ
16piG5
[
Rˆ+ 3ξ
(
∇ˆω
)2
+ 6Uˆ(ω)
]
, (7)
where ξ = ξ˜ − 1. It should be noted that the hatted
magnitudes and operators refer to the Riemann frame.
After the conformal transformation, the line element in
the Riemann frame reads
dsˆ25 = e
2σ(y)ηµνdx
µdxν + eω(y)dy2, (8)
where 2σ = 2A + ω. In the case of Z2-symmetric thick
brane with infinite extra dimension (−∞ < y < +∞),
the solutions for the warp factor and the scalar field read
[23]
e2A(y) = [cosh(ay)]b, ω(y) = kb ln cosh(ay). (9)
where the parameters a and b are given by
a =
√
4 + 3k
1 + k
2λ, b =
2
4 + 3k
, (10)
and λ and k satisfy the following constraints:
λ > 0, k < −4/3. (11)
Therefore, the parameter b is negative, and the warp fac-
tor is concentrated near the origin y = 0.
In Ref. [14], the authors investigated the localization
of a free massless vector field on the pure geometrical
brane. The action for such vector field is given by [14]
S1 = −1
4
∫
d5x
√−ggMNgRSFMRFNS , (12)
where FMN = ∂MAN − ∂NAM is the field strength for
the vector field AM . For convenience, one changes the
metric (6) into a conformal from:
ds25 = e
2A(z)(ηµνdx
µdxν + dz2). (13)
The relation between the new coordinate z and the phys-
ical one y is dz = e−A(y)dy. For the above brane configu-
ration, the zero mode ρ˜0 in the conformal flat coordinates
defined in (13) was obtained [14]:
ρ˜0(z) ∝ 1
(1 + 3λz2)1/4
, (14)
where the parameter has been set to k = −5/3. Unfor-
tunately, the integration related to the vector zero mode
in the KK reduction is not convergent, which means that
the vector zero mode (14) is non-normalized. This results
in that the vector zero mode cannot be localized on the
thick brane, just as the RS brane case.
In order to obtain a localized vector zero mode, we
introduce the interaction between the vector field and
the background scalar field ω. The general action for the
vector field coupled with the background scalar is
S1 = −1
4
∫
d5x
√−gG(ω)gMNgRSFMRFNS , (15)
where G(ω) is a function of the background scalar field ω.
Considering the background geometry (13), the equations
of motion read as
eAG(ω)∂ν(η
µνFµ4) = 0, (16)
eAG(ω)∂ν
(
ηνρηµλFρλ
)
+ ηµλ∂z
(
eAG(ω)F4λ
)
= 0.(17)
According to Ref. [14], we suppose that the AM satisfy
the Z2 symmetry with respect to the extra dimension z,
which requires that A4 has no zero mode in the effective
four-dimensional theory. Moreover, for being consistent
with the gauge invariant (
∮
dzA4 = 0), we set A4 = 0 by
using the gauge freedom. Under the KK decomposition
of the vector field
Aµ(x
ν , z) =
∑
n
anµ(x
µ)ρ˜n(z), (18)
and the orthonormality conditions∫ ∞
−∞
dzeAG(ω)ρ˜m(z)ρ˜n(z) = δmn, (19)
the action (15) can be reduced into an effective four-
dimensional form:
S1=
∑
n
∫
d4x
(
−1
4
ηµληνρf (n)µν f
(n)
λρ −
1
2
m2nη
µνa(n)µ a
(n)
ν
)
,(20)
where f
(n)
µν = ∂µa
(n)
ν −∂νa(n)µ is the four-dimensional field
strength, andmn is the mass of the n-th vector KKmode.
It can be shown that the extra dimensional part ρ˜n(z)
satisfies the following differential equation
− ∂z
(
eAG(ω)∂z ρ˜n
)
= m2ne
AG(ω)ρ˜n. (21)
For convenience, we rewrite G(ω) as G(ω) = eg(ω) with
g(ω) a function of ω. By defining ρn = e
B/2ρ˜n with
B = A+g(ω), Eq. (21) can be rewritten as the following
Schro¨dinger-like equation:[−∂2z + V (z)] ρn(z) = m2ρn(z), (22)
where the effective potential V (z) reads
V (z) =
1
2
∂2zB +
1
4
(∂zB)
2. (23)
In fact, the Schro¨dinger-like equation (22) can also be
written as
Hρn = m2nρn (24)
with the Hamiltonian operator given by
H = Q†Q = (∂z + 1
2
∂zB)(−∂z + 1
2
∂zB) (25)
3As the operatorH is positive definite, there are no tachy-
onic vector modes with negative m2n.
For the zero mode ρ0, it can be solved from the
Schro¨dinger-like equation (22) by setting m2 = 0:
ρ0 = c0e
B/2 = c0e
(A+g(ω))/2, (26)
where c0 is the normalization constant. We know from
Eq. (19) that, in order to obtain the effective action of the
four-dimensional massless vector field a
(0)
µ , the zero mode
needs to satisfy the following normalization condition:∫ ∞
−∞
dz|ρ0(z)|2 = c20
∫ ∞
−∞
dzeA+g(ω) = 1, (27)
which can be transformed into the physical coordinate:
c20
∫ ∞
−∞
dyeg(ω) = 1. (28)
Now it is clear that without the non-minimal coupling
function G(ω) = g(ω), the vector zero mode cannot be
localized on the pure geometrical brane [14]. In order
to obtain the normalized zero mode, we need to choose
the specific expression of g(ω). In the following, we will
introduce a simple expression g(ω) = τω and then put
forward a specific form g(ω) = θe
3
10
ω + 310ω.
Case I: g(ω) = τω
We first assume the simple function g(ω) = τω with τ a
constant. Such coupling between the background scalar
filed and the vector field is called the dilaton coupling
[36–39]. The effective potential V (z) in (23) is
V (z) =
λ(10τ − 3) [λ(10τ − 9)z2 + 2]
4 (3λz2 + 1)2
. (29)
It has an asymptotic behavior that V (z → ±∞)→ 0 and
V (z = 0) = 12λ(10τ − 3). The effective potential in this
case is a typical volcano potential [40, 41]. It means that
the effective potential provides a continuum gapless mass
spectrum of the vector KK modes with positive m2n > 0.
The expression of the zero mode ρ0(z) is
ρ0 = c0
(
1 + 3λz2
) 5τ
6
− 1
4 . (30)
The normalization condition (27) requires
τ < 0. (31)
With the above condition, the integration in (27) is con-
vergent for infinite extra dimension. The normalization
constant is given by
c0 =
√√
3λ
pi
Γ
(
1
2 − 5τ3
)
Γ
(− 5τ3 ) . (32)
Figure 1 shows the shapes of the effective potential V (z)
and the vector zero mode ρ0(z) with a set of parameters
k = −5/3, λ = 1/3, and τ = −1. Figure 2 shows the
FIG. 1: The shapes of the effective potential V (z) (thick black
line ) of the vector KK modes and the vector zero mode ρ0(z)
(thin red line) for coupling I (g(ω) = τω). The parameters
are set to k = −5/3, λ = 1/3, and τ = −1.
(a)λ = 1/3
(b)τ = −1
FIG. 2: The effect of the parameters τ and λ on the vector
zero mode ρ0(z) for coupling I. The parameter k is set to
k = −5/3.
effect of the parameters τ and λ on the vector zero mode.
It can be seen that, with the increase of |τ | or λ, the
vector zero mode becomes higher but thinner and hence
it is localized at a narrower region around the origin of
the extra dimension z = 0.
Case II: g(ω) = θe
3
10
ω + 310ω
Next, we consider the case of g(ω) = θe
3
10
ω+ 310ω with a
dimensionless constant θ. The expression of the effective
potential V (z) in (23) is now given by
V (z) =
3λθ
(
3λθz2
√
3λz2 + 1 + 2
)
4 (3λz2 + 1)3/2
, (33)
4which has the asymptotic behavior of a finite square-well-
like potential: V (z → ±∞) → (3λθ2 )2 and V (z = 0) =
3λθ
2 . It means that the effective potential provides a mass
gap to separate the zero mode from the KK modes. The
expression of the zero mode ρ0(z) in this case reads
ρ0(z) = c0e
1
2
θ
√
3λz2+1. (34)
The integration in (27) is convergent for infinite extra
dimension if
θ < 0, (35)
and the normalization constant is
c0 =
√
−
√
3λ θ
2eθ/
√
3λ
. (36)
The shapes of the effective potential V (z) and the zero
mode ρ0(z) are shown in Fig. 3 with the parameters k =
−5/3, λ = 1/3, and θ = −1. Figure 4 gives a detailed
description that the effect of the parameters θ and λ on
the vector zero mode. The vector zero mode has the
similar phenomenon as case I that it becomes higher but
thinner and is localized at a narrower region around z = 0
with the increase of |θ| or λ.
FIG. 3: The shapes of the effective potential V (z) (thick black
line) and the vector zero mode ρ0(z) (thin red line) for cou-
pling II. The parameters are set to k = −5/3, λ = 1/3, and
θ = −1.
To summarize, we have investigated the localization
of a bulk vector field on a pure geometrical flat thick
brane. The interaction between the bulk vector field and
the background scalar field, i.e., − 14eg(ω)FMNFMN , was
introduced. We gave two forms of g(ω) to ensure that the
zero mode of the vector field can be localized on the thick
brane. For the first case g(ω) = τω, we obtained a typical
volcano potential. The localization conditoin is turned
out to be τ < 0. The vector zero mode will be localized
at a narrower region around z = 0 with the increase of
the coupling parameter |τ | or the model parameter λ.
The effective potential for the second coupling function,
i.e., g(ω) = θe
3
10
ω+ 310ω, has the asymptotic behavior of a
finite square-well-like potential. The coupling parameter
θ should be negative (θ < 0) in order to localize the
vector zero mode on the brane. The increasing |θ| or λ
(a)λ = 1/3
(b)θ = −1
FIG. 4: The effect of the parameters θ and λ on the vector
zero mode ρ0(z) for coupling II. The parameter k is set to
k = −5/3.
can also make the vector zero mode close to a narrower
region.
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